Phases of the generalized two-leg spin ladder: A view from the SU(4) symmetry 
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The zero-temperature phases of a generalized two-leg spin ladder with four-spin exchanges are discussed by 
means of a low-energy field theory approach starting from an SU(4) quantum critical point. The latter fixed 
point is shown to be a rich multicritical point which unifies different competing dimerized orders and a scalar 
chirality phase which breaks spontaneously the time-reversal symmetry. The quantum phase transition between 
these phases is governed by spin-singlet fluctuations and belongs to the Luttinger universality class due to the 
existence of an exact U(l) self-duality symmetry. 
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Multi-spin exchange interactions have attracted much inter- 
est over the years both theoretically and experimentally 1 1]. 
Recently, ring exchange interactions have been invoked for 
the description of magnetic properties of spin ladder com- 
pound La Y Cai4_ v Cu2404i |2J] and for their ability to induce 
new exotic phases in quantum magnetism [3]. In this respect, 
a scalar chirality phase |4J], which breaks spontaneously the 
time-reversal symmetry, has been found in the two-leg spin- 
1/2 ladder for a sufficiently strong four-spin cyclic exchange 
J5I 01- Such an exotic ground state is, in fact, not specific 
to this spin ladder and exact ground states with scalar chiral- 
ity long-range order have been obtained for a wider class of 
two-leg spin ladders with four-spin interactions 0]. A cen- 
tral question is the determination of all possible ground states 
stabilized by four-spin exchanges and the elucidation of the 
nature of the quantum phase transition between these phases. 
In this letter, we will study a general two-leg spin- 1/2 ladder 
with four-spin exchanges defined by [7] 
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where s pjl are spin- 1/2 operators at site n on chain p = 1,2. 
The Hamiltonian Q is the most general translation-invariant 
two-leg spin ladder which (i) consists of SU(2)-symmetric in- 
teractions involving two neighboring rungs and (ii) has Z2 in- 
variance under the permutation of the two chains ^i 2 . In the 
following, our strategy is to start from a point with the max- 
imal symmetry in a problem consisting of two spin- 1/2 op- 
erators, i.e., an SU(4) symmetry. The resulting SU(4) model 
displays a quantum critical behavior which enables us to de- 
velop a low-energy approach to investigate the different T = 



gapped phases induced by the SU(2) x Z2-invariant symmetry 
breaking terms of Eq. Q. As will be seen, the SU(4) sym- 
metric point is a rich multicritical point which unifies several 
emerging quantum orders. The nature of the quantum phase 
transition between these phases can then be determined within 
our approach and belongs to the Luttinger universality class 
fttjft as the result of an exact U( 1 ) self-duality symmetry at the 
transition 0]. 

The SU(4) quantum critical point. The starting point of our 
approach is the existence of an SU(4) symmetric point in Eq. 
(TfJ which is obtained for J\ \ = AJ\ and Jj_ = Jj = = J^d = 
(2B . The resulting model can also be regarded as the SU(4) 
Heisenberg spin chain when the four states on a rung are iden- 
tified with those of the fundamental representation 4 of SU(4). 
The latter model is Bethe-ansatz solvable 111 Oil and displays 
an extended quantum critic ality, which is characterized by 
SU(4)i conformal field theory (CFT) with central charge c = 3 
lUlll . A simple description of this fixed point is provided by 
the conformal embedding SU(4)i - SU(2) 2 x SU(2) 2 with 
two SU(2)s corresponding to independent rotations for the 
two chains. Since a single SU(2) 2 CFT is described by a 
triplet of real (Majorana) fermions, we may describe the crit- 
ical properties of SU(4)i fixed point by two triplets of right- 
and left-moving Majorana fermions L and % c ^ L (a = 1,2,3). 
This Majorana fermion description is extremely useful to un- 
derstand the symmetry properties of model Q in the close 
vicinity of the SU(4) point as it has been exploited for the 
SU(2) x SU(2) spin-orbital chain OGJ]. Moreover, the lat- 
tice discrete symmetries of model Q, i.e. one-step transla- 
tion symmetry (,%, Q ), time-reversal symmetry (J3"), site-parity 
(^5), and the permutation of the two chains, are lin- 
early represented in terms of the Majorana fermions. For in- 
stance, the translation symmetry is described by: ^ — * — t^, 
Xg — > — Xr> whereas and x[ are left unchanged under ,% lQ . 
These results lead us to write the most general low-energy ef- 
fective field theory for the generalized two-leg spin ladder {TJ 
which is invariant under the SU(2) spin rotational symmetry 
and the discrete symmetries ,% x 2? x x 
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where J£§ is the free-Hamiltonian for the Majorana fermions 
t, RL and Zxl- No sucn strongly relevant mass terms for the 

Majorana fermions as £, R ■ ^ or • %l are allowed since they 
are odd under ,% Q . The effective Hamiltonian (|2ji describes 
the low-energy properties of model Q in the vicinity of the 
SU(4) point. In particular, using the continuum expressions of 
the spin operators Si 2 n at the SU(4)j fixed point found in Ref. 
fiUl . we have obtained the following identifications: gi 2 — 
{J 1 ± 4/)A 53,4 - 1 ± /<f</)/8, §5 - -At, and g 6 ~ J x . 

Order parameters and duality symmetries. Before inves- 
tigating the infrared (IR) phases of the low-energy effective 
field theory 0, let us first discuss its symmetries and possi- 
ble orders. The SU(4)i fixed point Hamiltonian, i.e. ^0, is 
invariant under chiral SO(2) rotations & r (9),r — R,L on the 
Majorana fermions: 



cos 0/2 -j" sin 0/2 
tf^ sin 0/2 + 2? cos 0/2 



(3) 



This rotation defines a first U(l) symmetry = &l(0) x 
@r{B) which acts on the fields of the SU(4)i CFT Now 
we introduce a first set of order parameters-the staggered 
dimerization operator ^sd = (—1)" (si,« • Si jl+j — Sj,n ■ S2, n +i) 
and the scalar chirality order parameter |5j |a |7[]: 0§c = 
(-1)" [(si,„ +s 2 ,„) • (si,„+i As 2 ,„+i) + (n <r+n+ 1)]. They 
have a simple continuum description in terms of the Ma- 
jorana fermions: tff SD ~ i (| R -| L - % R - % L ) and <^ S C ~ 



' [%R 'Xl + XR' Zl) and from Eq. l|3} we deduce that these 
order parameters transform as a doublet under "%q : 
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In particular, for 9 — 71/ 2, the two phases characterized by 
i^sd and <??sc are interchanged under $> = which can 
thus be viewed as a Z2 duality for a pair of order parame- 
ters. Remarkably, the duality symmetry 3 and the U(l) 
transformation have a lattice interpretation which has been 
discovered previously and called spin-chirality symmetries by 
Momoi et al. H: <^ e lat = exp[-z'0£„ (si,„ -s 2 ,„ - 1/4)] and 

~ "e=n/2- 

Moreover, we can define two additional order parameters, 
expressed again as bilinears of Majorana fermions: &v ~ 

i (i R -Il + Xr- Xl) and RD ~ i (l R fi) which are 

left invariant under the spin-chirality rotation %q and are thus 
self-dual under '3. In fact, these order parameters are the con- 
tinuum representation of the columnar dimerization operator 



= (— 1)" (si,« • Si )B+ i +S2,„ -S2,„+i) and the rung dimeriza- 
tion operator i^rd = (— l) n Si ,„ • S2,„- The latter order param- 
eter describes a phase, with alternation of rung singlets and 
rung triplets, which has been found in some integrable two- 
leg spin ladder 1 14]. The second set of order parameters is 
closely related, in the continuum limit, to the existence of a 
second U(l) symmetry: °&q = Ml{9) x <% r {—9). It leaves 
invariant the <^sd and ^sc order parameters whereas and 
i^rd transform now as a doublet under as in Eq. (|4}. A 
second Z2 duality, §> = % n /2, can thus be considered as a 
transformation which maps the columnar dimerization onto 
the rung dimerization whereas the staggered dimerization and 
the scalar chirality are kept intact under 3>. The SU(4)i fixed 
point is therefore a rich multicritical point which unifies four 
different competing orders (dimerized ffn, ^SDj <^rd and 2T- 
breaking <ff sc . See Fig. 1). The SU(4) -> SU(2)xZ 2 symmetry 
breaking perturbations will select one of these quantum orders 
as we are going to see now. 




FIG. 1: Relationship between four orders. Note that on manifolds 
g2 = g4 (g2 = —g4) the system acquires U(l) symmetry under 

and order parameters form a doublet. Two angular fields <p c 
and -& c characterize fluctuations within each doublet (see the text). 



Renormalization Group (RG) analysis. The next step of the 
approach is to perform a one-loop RG calculation to determine 
the nature of the IR phases of the low-energy effective Hamil- 
tonian (0. First of all, the SU(4) model in Eq. Q, perturbed 
by a standard rung interaction J± 7^ is Bethe-ansatz inte- 
grable 1 15]; for a small value of J±, the gapless behavior of the 
SU(4) model with central charge c = 3 extends up to a critical 
point J± c = 4J\ above which the standard gapped rung-singlet 
phase of the two-leg spin ladder appears. In the close vicin- 
ity of the SU(4)i quantum critical point, when |A*| <C 1, we 
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can thus forget the perturbation with coupling constant in 
Eq. 0. Thus we are left with marginal interactions and the 
one-loop RG equations read as follows: 

81 = 8 2 i+82 + 5 83+84 

82 = 2glg2 + 6g3g4 + g4g5 

83 = 6gig3 + 2g 2 84 

84 = 28i84 + 6gi83+8285 

g5 = -I6(glg3-g2g4) • (5) 

We are now going to investigate the different gapped phases 
that emerge in the IR limit of the RG equations 0. First 
of all, it is important to note that the interaction part of the 
Hamiltonian with g$ g = can be recasted as 

>%mt = -^SD^SD _ ^-SC^SC ~~ ^D^fj _ Ard^r D 7 (6) 

where the couplings Asd etc. are functions of g\, . . . ,g4 and 
Eq. describes the competition between the quantum orders 
introduced previously. Then we apply an ansatz, proposed by 
Lin et al. 11611 in the context of the half-filled two-leg Hubbard 
ladder, that the IR asymptotics of Eq. is described by: 
gi{t) = ril (to — f), where t is the RG time and ?o marks the 
crossover point where the weak-coupling perturbation breaks 
down. The coefficients r, indicate the symmetric rays which 
attract the RG flow in the IR limit and define the different 
strong coupling phases of the problem. A first symmetric ray, 
(r u r 2 ,r3,r4,r 5 ) = (1/8, 1/8,-1/8,-1/8,0), is described by 
the low-energy effective field theory 11311 : 

= s% + a s * d (|« • l L - xr ■ xl) 2 , (7) 

with A| D > so that, after a transformation %R ~ * ~XRi the 
Hamiltonian takes the form of a SO(6) Gross-Neveu (GN) 
model which is an integrable field theory with a spectral gap 
lll7ll . The nature of the resulting strong-coupling phase can 
be elucidated by observing that the interacting part of Eq. 
is simply: = -A| D ^f D , so that < <^sd >= ±Ao 7^ in 
the IR limit. A staggered dimerized phase, as in the SU(2) x 
SU(2) spin-orbital chain fl2l[l3ll . is thus stabilized and breaks 
spontaneously the translation symmetry. A second symmetric 
ray, (r h r 2 ,r 3 ,r4,r 5 ) = (1/8, -1/8, -1/8, 1/8, 0)is described 
by 

Jf^ = Jf + A| c (| fi -Xl + Xr-Sl) 2 - (8) 

Upon the chiral transformation Xr <-> the Hamiltonian 
is mapped onto the SO(6) GN model. The interacting part 
of Eq. is written now as J^ nt — — Ag C ^"| c , and thus im- 
plies < &sc >= ±Ao 7^ 0, i.e. the emergence of the scalar 
chirality phase, which breaks spontaneously the time-reversal 
symmetry. At this point, it is worth observing that the Hamil- 
tonian and are interchanged under the duality symme- 
try @> = ^s=k/2 on the Majorana fermions. In this respect, the 
approach used here gives the field-theoretical interpretation to 



the spin-chirality duality and the appearance of the long-range 
(staggered) scalar chiral order in the phase diagram of Eq. 
which was first pointed out in Ref. |7| . 

Finally, in a similar way, there are two more sym- 
metric rays where the SO(6) symmetry is restored in 
the IR limit: (n,r2,r 3 ,r 4 ,r 5 ) = (1/8,1/8,1/8,1/8,0) and 
(n, r 2,r 3 ,r4,r 5 ) = (1/8,-1/8,1/8,-1/8,0). They corre- 
spond respectively to the stabilization of the columnar dimer- 
ization (^b) an d the rung dimerization (^rd) which are in- 
terchanged now under the second duality 3&. In summary, the 
four phases, ^sd ; ^sCi ^b, ^rd, related two by two through 
the duality symmetries Si and are the different gapped 
phases of the problem which are characterized by an SO(6) 
symmetry restoration in the IR limit. 

Quantum phase transition. In addition to these SO(6) sym- 
metric rays, there are special manifolds where the RG equa- 
tions display also an larger symmetric behavior. On the 
two manifolds g 2 = ±g4, the SU(2)xZ2 symmetric model 
acquires a larger continuous symmetry SU(2) x U(l), 
being invariant under arbitrary rotations and "35(g respec- 
tively (see Fig.l). Within these self-dual manifolds, the RG 
flow is attracted in the IR limit towards two different asymp- 
totes: (n,r 2 ,r 3 ,r4,r 5 ) = (1/6,0, Tl/6,0, ±4/9). Along the 
first line (rj = — r{), the interacting part of the low-energy 
self-dual theory takes the form: 

^eff = -A* (4 D + 4 C ) — Xr) (II ■ Xl) , (9) 

which describes the competition between the staggered dimer- 
ization and scalar chirality orders, i.e. governs the nature of 
the quantum phase transition between these two phases. Sim- 
ilarly, the second asymptote accounts for the competition be- 
tween the columnar dimerization and the rung dimerization. 
The emerging effective field theory displays a larger sym- 
metry than the U(l) x SU(2) symmetry of the initial manifold 
82 — 84- O n the one hand, model turns out to be invariant 
not only under a i/Q but also under a larger x a i/Q symmetry 
(Note that at the lattice level, ^/q may be broken by umklapp 
interactions). On the other hand, it is also invariant under a 
hidden SU(3) symmetry. A way to reveal this last symme- 
try is to combine the six Majorana fermions into three Dirac 
fermions: >F afliL = + ^Xr.l) The % and °&q rota- 
tions then acquire a simple meaning in terms of these Dirac 
fermions since they act on them as charge U(l) chiral symme- 
tries:^,^ -> e i6 / 2 V aR , L for <W e and -» e ±id / 2 V aR , L 
for ^q. The self-duality symmetry x of Eq. is 
described thus as an U(1)r x U(1)l symmetry on the Dirac 
fermions. In addition, we can see that the order parameters 
<£?SD an d ^sc have also a simple interpretation as Cooper 
pairs by taking a combination £?sd + i&sc ~ ■ The 
role of these pseudo-charge degrees freedom, introduced by 
the spin-chirality U( 1 ) symmetry, becomes manifest with the 
help of a bosonization of the Dirac fermions. To this end, 
we define three right-left moving bosonic fields (p aR ,L such as: 
'Faff.L ~ exp[±*V4~7nPoKx]> and switch to a basis where the 
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pseudo-charge degrees of freedom single out: 

<Pcr,l = ^j^{<Pw,l + 9ir,l + 9sr,l) 

<PsR,L = -J= (<PlRJL ~ 9lR,L) 

(p fRt L = -^={(p\R,L + <P2R,L-2(p 3R , L ). (10) 

In terms of these new fields, the low-energy Hamiltonian (|9} 
exhibits a "spin"(SU(3))-"charge"(U(l)) separation — 
M'z + J^ s , with [Jt%, Jf s ] = 0. The charge degrees of freedom 
are described by the Tomonaga-Luttinger Hamiltonian: 



(d x( p c ) 2 + (d x AY 



(ii) 



where <p c = (p cR + <p C £ is the total charge bosonic field and # c is 
its dual field. The Hamiltonian ,y^ s for the remaining degrees 
of freedom can be recasted in a fully SU(3) symmetric form 
in terms of the chiral SU(3)i currents defined from the 
two bosonic fields <p s ,fR,L'- 



^ A=\ 



* Sk- 



it Jt) 



*rSl- d2) 



A=l 



The latter model is the SU(3) GN model which is a mas- 
sive (g* > 0) integrable field theory II 811 . A spectral gap 
is thus formed by the interactions in the "spin" sector and 
the low-lying excitations are known, from the exact solu- 
tion fiUl . to be massive SU(3) spinons and antispinons. The 
low-energy physics of © is dominated by the gapless spin- 
singlet fluctuations of the "charge" degrees of freedom 
which stems from the remarkable U(l)-symmetry (%e) of 
Eq. (|9jl- Therefore we may conclude that the quantum phase 
transition between the staggered dimerized- and scalar chiral- 
ity phases belongs to the c = 1 Luttinger-liquid universality 
class. The physical properties at the transition can also be 
determined within our approach. At the transition, all order 
parameters have zero expectation values: (&sd) = (^sc) = 
{&d) = (<^rd) = 0. The first doublet <& SD and ff sc has a 
fixed modulus and correlation functions decaying as jc -2 / 3 , i.e. 
has long-range coherence, whereas the second one (3q and 
i^rd is exponentially decaying due to strong quantum fluc- 
tuations. Now it is straightforward to discuss the effect of 
a small deviation from the self-dual manifold (|9j by switch- 
ing on the perturbation: 'f — e (<^§ D - ^f c ) , |e| < 1 which 
breaks in particular the ^ symmetry of model l|9). This 
small symmetry -breaking perturbation does not close the spin 
gap but the charge Hamiltonian Jilt acquire now a 'pinning' 
term % ~ — ecos(-^/16?r/3 <p c ) and becomes equivalent to a 
quantum sine-Gordon model. The interaction has scaling di- 
mension A = 4/3 < 2 so that the perturbation opens a charge 
gap; for e < (respectively e > 0), the staggered dimerization 
(respectively scalar chirality) order is stabilized by the small 
symmetry-breaking term. The same argument applies to the 



second ray (rj = r$) as well after the replacement q> c <-» # c 
and describes the competition between &y> and 

In summary, we have shown, in the continuum approach, 
that four different gapped phases around the SU(4) multicrit- 
ical point are unified by the hidden Z2 symmetries 2> and §t. 
The spin-chirality U(l) a i/Q symmetry plays an essential role 
on the self-dual manifold and as a consequence a second-order 
phase transition which separates the staggered dimerized- and 
scalar chirality phases is characterized by a c = 1 Luttinger- 
liquid fixed point. This point was unclear in the preceding 
papers mainly because of numerical limitations. On the basis 
of this fact, we explained how an exotic phase with a broken 
time-reversal symmetry is stabilized. Moreover, by a map- 
ping onto a low-energy effective theory, we have revealed an- 
other hidden relationship between columnar-dimer phase and 
rung-dimer phase together with a corresponding U(l) symme- 
try . Finally, a similar unifying approach based on an U(4) 
symmetry can also be performed to describe the exotic phases 
and transitions in doped generalized two-leg ladders as it will 
be discussed elsewhere. 
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